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CM fails to describe "macroscopic quantum phenomena." Phenomena where micro- 
scopic properties carry over into macroscopic world: 

• superfluidity 

Helium flows without friction at sufficiently low temperature. 

• superconductivity 

Current flows without dissipation. 

• ferromagnetisim 

Self -alignment of magnetic moments/spins. . . 

• Bose-Einstein condensation 

Superfluidity of atoms. . . 

All these problems (and many more) are solved by marvellously successful quantum 
mechanics, QM. 



Problems with/failures of QM 

• No model for some macroscopic quantum behavior (high-critical temperature super- 
conductivity), this is likely to be solved within QM. 

• QM is incompatible with general relativity. This is likely to be solved outside QM, 
within some bigger theory, (string theory?) 

• Interpretation ambiguities of mathematical structure of QM: 

- Role of measurement 

- Determinism vs. probability. . . "The old one does not roll dice." 

- Transition from microscopic quantum mechanical to macroscopic quantum be- 
havior. . . (Schrodinger's cat, "dead and alive") 

- Entanglement and hidden-variables. . . (Einstein-Podolsky-Rosen (EPR) para- 
dox, Bell's inequalities) 

- Bohr's (& Born's) Copenhagen Interpretation vs. "many-worlds-theory" 



Quantum Mechanics 

Quantum Meclianics is the "weirdest physics theory you have ever encountered." The 
mathematical structure of QM is well-defined, but the physical interpretation of mathemat- 
ical results, such as observables and measurement can lead to apparent paradoxa. Math- 
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ematical concept used for describing object, wavefunction, is not the same as object it- 
self. As seen in Figure I, spreading of particle wavepacket in free space forces on us a 
probabilistic interpretation of QM. 



Copenhagen interpretation 

Wavefunction is probability amplitude (magnitude of wavefunc- 
tion squared is probability or probability density) to find particle 
in certain state or at certain position. Probabilities for outcomes 
of measurements are deterministic. They are determined by wave- 
functions that evolve deterministically. But the outcome of a par- 
ticular measurement cannot, in general, be predicted. We can pre- 
dict expectation values, variances, standard deviations, but not a 
particular realization of an experiment. The Schrodinger equation 
(SE) is a partial differential equation that governs the determinis- Figure I: Wavepacket 
tic evolution of a wavefunction ip. ij/ contains all the information 

available to describe the system. The probability for a particular measurement outcome 
(say, to find the particle between x and x + Ax) is determined by \ifj{x)\^ (Copenhagen 
Interpretation). 

Other interpretations 

"Many Worlds" interpretation 

Each time we make a measurement, our world splits into many, one for each possible 
outcome of the measurement. Absurd? No known way to falsify. 

"Hidden- Variables" theories 

Favored by Einstein, Einstein-Podolsky-Rosen (EPR) paradox. Randomness arises because 
we do not know the complete state of the system. There is some information that is not 
contained in the wavefunction, but that in principle exists. This would correspond to a ran- 
domness similar to that encountered in classical statistical mechanics. For many decades it 
was believed that hidden-variables theories are "metaphysics", i.e., that they cannot be fal- 
sified or distinguished experimentally from the standard Copenhagen interpretation. How- 
ever, John Bell came up with a possibility to experimentally distinguish hidden- variables 
theories, local-realism theories from standard QM. 

Bell's inequalities 

Bounds on conditional probabilities that are obeyed by hidden-variables theories, but vio- 
lated by standard QM. Experiments performed many times since disagreed with hidden- 
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variables theories, but confirm standard QM. 

When do we need QM? 

Which historic experiments cannot be adequately described by CM? 

We will take a logical, not a chronological approach. CM, E&M fail in general at the 
microscopic level, i.e., when we deal with single fundamental particles (single quanta, 
such as electrons, atoms, photons, . . . ). 

When does the classical description of a single particle/object break down? 

CM fails at small distance d, i.e., when the resolution of your measurement is improved 
to measure the position of the particle with increasing accuracy AJ. This distance scale d 
depends on the momentum p of the particle, or more accurately, on the uncertainty of your 
measurement (or knowledge) of the momentum Ap of the particle. Critical distance scale 
AJ where CM becomes inadequate is set by quantity Ad ■ Ap (phase space area). 
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Figure II: Phase space area 



• Units: [Ad ■ Ap] = m • kg • - = J • s 



• If Ad ■ Ap ^ h , then behavior is classical. 
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• h = 6.6x 10"^"^ J • s ^ Planck's constant 

• Same quantity that, given a frequency v, introduces a natural energy scale E = hv. 



If Ad ■ Ap ~ h , then QM is necessary. 



Other formulation 





[d-p] 




h 

If |1|» — = ^ 
In 




|1|~^ 


In 


= 1.05 X Kr^4 J. s 



•] = [1] (2-1) 

CM (2-2) 

QM (2-3) 

(reduced Planck's constant) (2-4) 



Given an angular frequency co = Inv, % sets a natural energy scale E = %co. 

Examples 

1. Gas in a box at room temperature: 

• d = I cm 

• m = SlrUp 

• mp = 1.67 X 10-2^ kg 

^-^ = 7,kBT ^ (in ID) (2-5) 
2m 2 

Ap ~ V<F) = y/mkBT = 2.5 x 10"^^ kg • - (2-6) 

s 

d ~ AJ = 1 cm (2-7) 

2 

Ap-Ad = 2.5 X 10"^^ kg • — = 2.5 X 10"^^ J • s = 4 x lO^h (2-8) 

s 

=> CM adequate 

2. Laser cooled gas in a magnetic trap 

A/7 ~ ^/mkBT = 1.4 X 10"^^ kg • - (2-9) 

s 

Ap • AJ = 1 .4 X 10"^'' J • s ~ 2000/j (2-10) 

=> still classical 
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100 yuK 

Figure HI: Magnetic potential and atom model 



3. Evaporative cooling to T ~ 1 /iK, d ~ \ jum 

m 



A;?~ 1.4x 10""kg- - (2-11) 

s 



Ap-Ad- 2h (2-12) 



• Bose-Einstein condensation if atoms are boson 

• Degenerate Fermi gas if atoms are fermions 



=> QM description is necessary 
4. Electron in an atom 



m = 9.1 X 10"^^^ kg 
q = 1.6 X 10"''^ C 
r ~ 1 A = 10""' m 

So = 8.85 X IQ-^^ 



V-m 



/ = ;,r= .|2m-^r~2x 10"^^ J-s~H (2-13) 



QM description 
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Why does the classical description break down at this scale? 

• Heisenberg uncertainty 

• wavelength of particle 

To shed some light on this question, let us examine Fermat's principle of least time. 

Fermat's principle of least time 

Beam block here has 




• How does light travel 
from A to Bl 



• Straight line. 

Figure IV: Straight line path 




Figure V: Refraction 



How does light travel? 

Fig. IV => straight line 

Fig. V ^ at interface it obeys Snell's law ^ = ^ 
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Unified description 

Light travels along the path that takes the shortest time. In glass, light travels at c' = ^, so 
correct path takes shorter time than straight line. But: How does light "know" what path 
takes the shortest time? In some instances, light takes the path that takes the longest time. 

Improved version of Fermat's principle 

Light takes the path where there is no first-order change in the traveling time for nearby 
paths. 

Reading 

Feynman, Lectures on Physics I, Ch. 26. 
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